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The Cluster Expansion for Classical and
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We develop a high-temperature expansion for general lattice systems which can
be applied to classical as well as quantum systems. Applying the expansion we
prove analyticity of correlation functions, uniqueness of equilibrium states, and
cluster properties for classical and quantum lattice systems in the high-
temperature region.
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1. INTRODUCTION

Our purpose here is to develop a high-temperature expansion method for
statistical mechanical systems on lattice spaces which can be applied to
classical as well as quantum systems. There are many previous studies of
classical lattice systems(>>*7101416) and guantum lattice systems(®'" at
high temperature and small activity by means of expansion methods, and
various properties such as analyticity of the pressure and the correlation
functions, clustering, and uniqueness of equilibrium states were well estab-
lished for a large class of models. But the known methods‘®>>'¥ for classical
lattice systems cannot be applied directly to the quantum lattice sys-
tems. Also it seems not obvious that the expansion method for quantum
systems®!D can be applied to general classical lattice systems. (In princi-
ple, it may be applicable to discrete and bounded classical spin systems.)

Recently we came to know that Fréhlich® has found a cluster
expansion which can be applied to classical as well as quantum lattice
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systems under the condition that interactions are of finite range. He asked
us whether it is possible to extend the method to a large class of interac-
tions which are not necessarily of finite range. The high-temperature
expansion we develop is in a sense a modification of Frohlich’s method
which can be applied to a general class of interactions. Our expansion
method does not depend at all on whether the systems are classical or
quantum. In this sense the expansion method can be viewed as the
canonical expansion for general lattice systems. Applying our method we
prove the analyticity of correlation functions with respect to temperature,
uniqueness of equilibrium states, and cluster properties in the region of high
temperatures.

In this paper we confine ourselves to a high-temperature expansion for
bounded lattice systems. However, the method can be extended to a class
of unbounded classical spin systems as in Ref. 10. Also, with a slight
modification of the method one may easily develop a small activity expan-
sion for lattice gases. To make the main idea clear and to avoid additional
notational complications, we will not consider those cases in this paper.

Let us recall what we mean by a general lattice system.®!¥ We first
consider quantum systems and then we describe classical systems. Let
A C Z” be a bounded subset in the r-dimensional lattice space Z” and let
9C be a finite-dimensional Hilbert space. At each site a € Z* there is a copy
I, of I. We denote

= ® I,

aEA
= {A: A is a self-adjoint operator on 9, } (1.H

try(4) = Tr%“(A)

‘JC
where Try (A) is the trace of A on 3(, and dim ¥, the dimension of 3(,. In
our formahsm an interaction ® assigns to each nonempty finite subset X of
Z* a self-adjoint operator ®(X) on I,. Let A; N A, = ¢. Then I, 4, can
be identified naturally with 3, ® IC,,. We shall also identify any operator
A, on I, with the operator 4; @1 on Iy 4, In particular, for any
X C A, ®(X) is identified with an operator on ¥,.

Throughout this paper we assume that the interactions we consider
satisfy the following condition: There exists a constant a > 0 such that

sup D [ O(X)[e* < oo (12)
XEZ' xeXCZ¥
X finite

where || 4] is the norm of 4 and |X| the cardinal number of X. Notice that
finite-body interactions of short range automatically satisfy (1.2). Let
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dia(X) be the diameter of X, defined by
dia(X) =sup{|x, — X, 1 x,x, E X}

If ®(X)=0 for dia(X)> & for some § >0, ® is called a finite-range
interaction. Let V'(x), x € A, be the unitary operator corresponding to the
translation by x.\'® If ®(X + x) = V(x)®(X)V(x)™', ® is called transla-
tion invariant.
The Hamiltonian for A C Z"” is a self-adjoint operator on JC, given by
HY= 3 o(X) (13)
XCA

We may omit the superscript ® in the notation without any confusions. Let
F €@y, for a fixed X, C A. The partition function and the equilibrium

state are defined by
ZB=tr (e P
A=t ) (1.4)

—1 _
PR(F) = (Zf)  try(Fe™#™)

where B is the inverse of temperature.
In order to define a classical lattice system, one only need to replace

X S, a compact metric space
Try, du, a probability measure on §
I3 Sa=X,cr S,
A by A - €A (15)
tI‘A d""[\ - HaEAdnu‘a
O(X) ®(X) a real-valued function on S
120X 19X

in our formalism for quantum systems. From now on we further restrict our

attention to quantum lattice systems. To obtain the results for classical

systems from quantum systems it suffices to use the above replacements

together with the DLR equation'? in place of Araki’s Gibbs condition.
We first state the main results for general lattice systems:

Theorem 1.1. Let ® be translational invariant or of finite range and
let F €@y, for a fixed X, C A. Then, for sufficiently small complex f, (a)
there exists a constant M(B8) > 0, with M(B)—> 1 as 80, such that

[pS(F)| < | FI|M(B)  uniformly in A
(b) the limit

B(Fy= lim p&(F
pP(F) = lim pA(F)
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exists as A tends to Z”. Furthermore p#(F) is analytic in 8 in a disk
centered at 8 = 0.

Theorem 1.2. Under the conditions in Theorem 1.1, the state deter-
mined by p?(F) is the unique KMS state for the interaction ®.

We next discuss the results on cluster properties. The interaction @ is
said to decay exponentially if there exist a positive constant m such that

sup > |

xeEZ"xeXxXcz’
X finite

(X )[|lem™ X< oo (1.6)

where a is the constant given by the condition (1.2). For finite X, X, C Z”
let

dist( Xy, X,) = inf{{x; — x,| 1 x; € X, x, € X5} (1.7
For F| €@y and F, € @y, we write
pP(F\ 1 Fy) = pP(F\Fy) = pP(F)p’ (F)) (1:8)
where p?(F) is the equilibrium state in the thermodynamic limit.

Theorem 1.3. Let F, €@y and F, €@y, Under the conditions
stated in Theorem 1.1, the following cluster property holds:

pB(Fy; F)->0as dist( X, X5) > o0

Furthermore if ® satisfies the condition (1.6), then for any € > 0 there exists
a constant M such that

|pB(F1;FZ)| < Me—(m—edis(X:.X2)

Remark. Since there are well-known methods>*!%! to derive the
cluster properties from the convergence of the cluster expansion, we will
not produce the proof of Theorem 1.3.

Finally we give a comment on the case of two-body interactions
[®(X) =0 if |X|+2]. If interactions are two-body interactions, one may
obtain more detailed information on the region of temperature where the
cluster expansion converges. An explicit expression for the region can be
obtained from Section 3 and Section 4 in a fairly straightforward manner.

We now summarize the content of this paper. In Section 2 we develop
the cluster expansion. Using the fundamental theorem of calculus and an
inductive argument we prove that the expansion converges absolutely and
uniformly in A for small |B] in Section 3. In Section 4 we construct
thermodynamic limit equilibrium states by using the cluster expansion and
a method of integral equations. Employing Araki’s Gibbs condition!" we
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show in Section 5 that the equilibrium state constructed in Section 4 is the
unique KMS state.

2. THE CLUSTER EXPANSION

In this section we develop a high-temperature expansion for p2(F).
For each X C A we assign a real number 55, 0 <5, < 1. Let

{Stom = {sy 1 X €P(A))
PAY={X: X CAXF¢) forA+#¢ 2.0
F(9) = {4}
For a given {s}g,, we define
H({S}@(A)) = 2 sy @(X)
X CA
ZE({$}yn) =0 (e BAs 22)

-1 - s A
PB(F)({S}@(A))=[ZB({S}@(A))] N )
From the above notation it follows that
H({O}?P(A))=0’ H({l}@(/\))= H,

ZB({I}sz(A)) =Z{ and PB(F)({I}G,?(A)) = p{(F)

We want to derive an expansion for p?(F J{1}ga)) that converges uni-
formly in A C Z”.
If A C Z7 is finite, we may first study

f({s}@(/\)) = try(e A Y (2.3)

for F € @y , X, C A. We are interested in an expansion for f({1}4,,). The
idea is a partial perturbation expansion in {s, : X C A}. In order to define
our expansion we need the following operations: For a given x C A, we
define

5Xf({s}@(A)) =f({5}@(/\)—x’ {1 ) —f({s}@(/\)~x’ {0} )

. f (2.4)
< f({stom) = f({s}omn_x {0} )
where P(A) — X = P(A)\{X}. For a given B C P(A), let
5% = 5%
x .
= I] '
Xea

We then have the following identity:
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Lemma 2.1.

f({en) = > ﬁf( O}UJ(A)>

CBCPA)

Proof. From the definitions in (2.4)—(2.5) it follows that

f({1}€=P(A)) = XEI;(A)(SX + ‘X)f({s}@m))

- Z S%JBEE‘P(A)\?Bf({S}
SCB CTH(A)

B ¢C%§C:@(A)8%f({s}% ’ {O}W‘(A)\eﬁ)

Since 8({5 ) » (0}oqane) = 8 F({0) g x,) for any (s}, the lemma follows
from the above relation.

‘.‘T(A))

We next decompose % into connected components: For a given
B C P(A), we write

B=R,UB,U- -+ UR
where %,ﬂ%j=¢ifi7éj, and
B, = (X, X, ..., X, }isconnected

127

n

That is, for any X, and X, s there exist X, ,X, , ..., X, such that X,.L N

it i,

X, # ¢. From Lemma 2. 1 'we obtain the followmg

I

Corollary 2.2,
f({l}@(A)) = @, Z H6 3f({o (P(A))

VBt i=1
%, connected for Vi
B =R, (1))
¢ T BH; CTPA)

For®,, ..., %,, there exists / > 0 components which we may assume
without loss of generality to be %, ..., %,, that have the property

B, U {Xe} isconnected Vi=1,...,/
Equation (2.3) shows that

7905 (90 010 N U

=1

! n
=f({5}@3.7 s {S)a, {0}%)\lyl%f)jgﬂzﬁ({s}@; {O}GJ’(A)\GJBJ)
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We keep B4, . . ., B, fixed and first do a resummation over $,,, ..., %,
Let
. /
x )= x0 (U U x) 6)
i=1 X, €D,
Corollary 2.3.
!
— P,
)= 3 IO [P (o)
(By, ..., B} i=1
B; CP(A), B; connected Vi
B; N %j =¢

%B; U {Xo) connected Vi

Proof. From Corollary 2.2 it follows that for a given X C A

[
Z({l}@(A\X)>= 2 HSQBfZB({O}@(A\X))

{%] ..... %[} M i=1
%, connected Vi
B; N B, = ¢ (i %)
$C B, CPANX)
The corollary follows from Corollary 2.2, the factorization property of
f{s}g, -+, {5}g,), and the above expansion. W

Next we change the summation notation in Corollary 2.3 into a more
convenient form. It is easy to check that

3 =S D @2

(B0 [P ¢CTXCA (X . s X, ) CP(A)
B,NB, =0 (i7)) XoNX7¢ (X+9) UX;=X
%, connected, %; C P(A) {(Xo. X, - -, X, } connected

B; U ( Xy} connected

For given X, X C A we define

Kxn= S 0G| e
(X oo, X,y coy  Li=1
UX; =X
{ X0 X1, - oy X, } connected

From Corollary 2.3, the definitions in (2.2), (2.3), and (2.8), and the relation
(2.7) we conclude the following.

Theorem 2.4. For F € @y, X, C A, the following identity holds:

B
PP Mow) = 2 KXo Xof) 2T anruxy)

CXCA ZB({l}@(A))
XoN X ¢ (X#0)

This identity is called the cluster expansion for general lattice systems.
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3. CONVERGENCE OF THE CLUSTER EXPANSION

Our task in this section is to prove the convergence of the cluster
expansion uniformly in A for small real 8. In the next section we will
extend the result to complex B, using integral equations. We also collect
some basic estimates. The basic tools are the fundamental theorem of
calculus and an inductive argument similar to that used in the work of
Kunz.('® We will rewrite the cluster expansion using the fundamental
theorem of calculus:

axf({s}qp(m—x’ {0}4) =f01dsX %}; f({s}@(A))

n

(s Y L L 12 s
I_EIIS f({ }@(A)—(X.}L.’{0}{%)7:1) fo _K) dX,- iI;Ix asx, f({ }EP(A))
(3.1

Therefore we have

n . 1 1 n 3
iI;IISXf({O}@(A)) =fo o fostX" ,I=Il Asy, Sy 0 snu,))
(3.2)
We write

c=sup > [|O(X)] (3.3)

XEZ X3 x

We will need the following estimates:

Lemma 3.1. (a) For real 8

ZB({I}@(A\X)) < eflBIIX
ZF((1}gw)
(b) For complex f
LI]SXf({O}@(A)) < HF“eClBI |UX;1( I=Il l ﬁ‘ N‘I)(X,)“)

We will extend Lemma 3.1(a) to complex B in the next section.

Proof of Lemma 3.1. (a) We note that for X C A
Hy= Hyx + Hy
> ¥(Y)

YCA
YAX+#o

Hy
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and
| < |X[sup 3 |@(Y)]
xEX Yax
< c]X]|

where the constant ¢ is given in (3.3). Hence, by the Peierls—Bogoliubov
inequality!'*'> one obtains

tr(e‘BHA) = tr(e/:BHA\X“,B]‘}x )
> tr(e™Pnr e~ 1B I
> tr(e FHav ye el AIIXI

Since for any X C A
Z({ Do) = tr(e ™Ay

Part (a) of the lemma follows from the above inequality.
(b) We recall a useful formula: Let B = B(A) be a bounded operator.
Then

A =fldseSB(MB’()\)e”‘S)BO‘)

dA
Next, let B(A,, ..., A,) be a bounded operator which is linear in each A,.
Then
- 'a.n' i e B ) o H%:PHL Hdsie.v,B()\l ,,,,, A
8}\?1(1) B(Ap ..., A)enf0uh)
3?\;81<n> B(Ap ..., A)

X exp

(1 -~ ﬁ:s,.)B()\l, . .,)\,Z)} (3.4)

i=1

where A, = {s5,,...,5,:0<s, D7_,5 =1} and P, is the permutation
group of {1,..., n}. Hence

all

”m < nlip, |( 11 “ y ) )euB(---)u (3.5)

and |A,| = 1/n!. We apply the above result. It follows from (3.2) and (3.5)
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that

,I=I} 8 Xf( {0} @(A))

1 1
<f~-f77dsx
0 ) :

tr(e—ﬁH(<S}(x,)|",(0})}7)'

i

I}) Q%X“ JUsY {0})|

=

<

9
i=1 asx,

ST (05 00

)elﬁl S iy )

<(1:11!mu@(x,-)u)ef‘ﬂ"”f*nFn
Here we have used the fact that for X = U X;
[H (s} (OD] < X Tsup 2, oY)

< o] X|
This completes the proof of Lemma 3.2. W
For finite X;, X C Z” we define

Prxo- S (el @9
5. ST, X, Y CPX) i=1
UX;=X
{Xo,X1,..., X, ) connected

We now combine Theorem 2.4, Eq. (3.2), and Lemma 3.1 to conclude that

PAEN(Now)| SIFI S POUXDpx, xi0) (37)
GCXCA
X 0 Xo#6 (X#9)
The term corresponding to X = ¢ in the summation ¥, is 1. In order to
show the convergence of the cluster expansion we have to bound the
right-hand side of (3.7) uniformly in A for sufficiently small S.

We write
Je(X)=1Bl|2(X)]|
Let X # ¢ and Y be finite subsets in Z”. For X N Y = ¢, we define
AX,Y)= 2 I Js(Y) (39)
(Y ..., Y, ) CHX U Y):i=1
YCUY,CXUvY
(XY, ..., Y, )} connected
I(m,n)= sup > A(X,Y) (3.10)
X Y

[X{=m|Y|=n
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The following is one of the basic estimates in this paper:

Proposition 3.2. For sufficiently small | 8], there exist constant c,
and A(B), with A(B)—1 as | 8| =0, such that

I(m,n) < IB'CIA(B)M+"eC‘ﬁ|me—an/4
where the constant « is determined by the condition (1.2).

Proof. We prove the proposition by an induction with respect to m
and n. Let X' = X — {x} for a fixed x € X. We isolate the contribution of
fp(X;) for the set X; containing x in A(X,Y). From the definition of
A(X,Y) in (3.9) it follows that

(

AX,Y)y= 3 > IL (W) A(x" U W, YAW)
PCTWCXUY {w,,..., W,y Cow)y i=1
XEW (W) UW,= W

x & W (W;+#9)

(3.11)

where the contribution corresponding to the case of W =¢ is A(X’,Y). We
break the sum over W into two parts:

S- 3+

W OWCX WNY#oé

Let x + X = {x} U X for any X C Z”. Then it follows from (3.11) that

arn=l 3 s )
pcXcx: {X,..., %, } CHX): i=]
xEX (X#¢) UX =X

x € X {X; = ¢)

!
XAXLY)+ X > II fs(x+T)
e=TCY| (T ..., TYCHTUX): i=1
TCUT,CTUX'
TiNT+¢
XA(X"UT,Y\T) (3.12)

In the above expression, 4(X’,Y) =0 if X’ = ¢ and the summation over T
is zero if ¥ = ¢.
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We first note that, since f; > 0,

m ) ik
—_ 1 1
2 2 X)) 2 5| 2 fx(2)
$CXCX (K. X, }jouxyi=I m=0 " Zé)z{i
xEX (X#9) UX=% *
xEX; (X=9)
2 1 {)a "’
<2 1B 2 |e2))
m=0 M- zcz
xe”Z
< Al (3.}3)
We define
!
bky= > > [IhGx+T) (314
T:|\T|=k (Ty...., Ty CHTUX) i=1
TCUT,cTUX’
T,NT+#¢
From condition (1.2) we obtain the following bound:
!
blky<e 2 3 2 [Tes " p(x+ T,)
T:T|=k {Ty,..., Ty CHTUXY) i=1
TCUT,CTUX'
nT=¢
o :
< egak/22 _1,_}: 2 IBIH‘D(X'*' Z)ea|x+2[/2}
S ecZez
< ekl Bl —
< e /2 Ble, (3.15)

for some constant ¢,(«). Combining (3.9)-(3.15) we conclude that
I(m,n) < e”'ﬁi[l(m ~ L)+ |Ble, D e ¥ A (m— 1+ k,n— k)}
k=1
(3.16)
Notice that 7(0.1) = 0 by the definition of 4 (X, Y), and
11,0) = sup | Bl [o)]
xeZ?
< eC|.3\

I(L 1)y = sup [1+fp(x)] fs(x. )
x, yezZ*
Xy

<(1+]Ble)l Ble
< elfle,| Ble/* (3.17)
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for some constant ¢,(a). By choosing
o0
A(B)=14c||B| > e (a/4clbDk (3.18)
k=1
which converges for | 8| < a/4c and tends to 1 as | 8|0, the proposition

follows by induction from (3.16) and (3.17). W

We now prove the convergence of the cluster expansion:

Theorem 3.3. For sufficiently small real B, the cluster expansion
converges absolutely and uniformly in A. Furthermore there exists a
constant B( 8) such that for F € @y,

PP (F)((1}aq)| < IFlle*™IB(B)
where B(B)—1 as | | =>0.

Proof. 1In (3.7) we break the sum over X into two terms:

> = > + 3 (3.19)
SCXCA SCX CXg X Z Xg
X NXo£d (X#¢) X N Xg£d

The first sum is bounded by
n
2 eI BIIXoUX ] 2 H f,B(Xi)

$C X CXg (X1, X, )CP(X)i=1
UX,=X
[e o]
< o3lBIIXl > L[ D fﬁ(z)}
—o n! ZCX,
<o S L [ Xl s S 2]
XoZ>3x
< el BlIXd (3.20)
by (3.14). Let Y = X\X,. Then the second term in (3.19) is bounded by
e2¢I Bl1Xql 2 el BlIX X, 2 H fB(X)
X Z X (X ..., X, cexy i=I
XN X7 UX, =X
{Xo. X0, .0 X,,}connected
< el Bl1Xdl Z 21 BlIYI 2 H fB(Y)
oY (Y., Y, i=1
YCY,CXeUuY
Yio Y, (i )
< el BlIX| 2 ech‘BHY!A(XO,Y) (3.21)

[ 304
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by the definition of 4(X,Y) in (3.9). From (3.10) and Proposition 3.2 it
follows that

z eZCIBHY{A(XO Y) < 2 QZCIBHYUGX |,n)
¢+ Y

< }BlC'A(B)lXoleclﬂllXol i [A(B)e""/“‘zlﬁi)]"
n=1

< llglclczAlXo‘eClﬁHXoi (322)
for small B such that 4(B)e /4~ %#D < 1, By choosing

B(B)=1+|Be,c,A(BY*
the theorem follows from (3.7) and (3.20)-(3.22). R

4. INTEGRAL EQUATIONS AND THERMODYNAMIC LIMITS
OF EQUILIBRIUM STATES

In this section we prove the existence of the thermodynamic limit for
pB(F) for sufficiently small complex B, and establish the analyticity of
mfmlte volume expectations. We will combine the cluster expansion with a
method of integral equations of Kirkwood-Salsburg type.('¥ We first state
the main result in this section:

Theorem 4.1. Let ® be translation invariant or of finite range and
let F € @y, for a finite X, C Z". Then for sufficiently small complex 8, (a)
there exists a constant M( ) such that M(B8)—1 as 8—>0 and

]pA(F)] < ||F||M(B), uniformly in A
(b) the limit

pP(F)= lim p{(F)

exists and is analytic in 8, for | 8] sufficiently small.

At the end of this section we will give the region of convergence for
two body interactions explicitly.
For X C A we define

ZB({I}@(A\X))

20 (4.1)

gh(X) =
Jow)

A pr10r1 we know that g#(X) is defined for real . In the later part of this
section we will show that g#(X) can be extended to complex B via a
method of integral equations if | 8] is sufficiently small. In order to prove
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Theorem 4.1 we need the following result:

Proposition 4.2. Under the conditions in Theorem 4.1, (a) there
exists a constant ¢ independent of 8 and A such that

lgf(X)l < eclBlIX]
Furthermore g{(X) is analytic in the region of small . (b) The limit
Axy= lim ghx
g"(X) = lim gf(X)
exists and is analytic in the region of small | 8.
We first show Theorem 4.1 by applying Proposition 4.2.

Proof of Theorem 4.1. (a) This follows from Theorem 3.3 and
Proposition 4.2 (a). (b) Since g&(X) is analytic in the region of small B by
Proposition 4.2, pﬁ({l}@( 4)) defined by the cluster expansion in Theorem
2.4 is also analytic. Therefore, by Vitali’s theorem and Theorem 4.1(a) it is
sufficient to show that for small real 8 the limit

p/(F)= lim of(F) (42)

exists as A tends to Z”. By Theorem 3.3 the cluster expansion for pf(F)
= pﬂ({l}@( ) is absolutely summable, uniformly in A for small real B.
Hence to prove (4.2) it suffices to show that each term in the expansion
converges as A—> Z"’. For given X (finite), the expression KB(Xo. X; f)
defined in (2.8) is independent of A for sufficiently large A. Since 25x)
converges as A->Z” by Proposition 4.2(b), each term in the cluster
expansion converges as A > Z”. This completes the proof of Theorem 4.1.

n

In the rest of this section we prove Proposition 4.2 by using integral
equations. The equations we are considering are of the Kirkwood-Salsburg
type. We first consider g2(X) defined by (4.1) for real B8, which is well
defined. We want to derive an integral equation for g#(X). From now on
we suppress the superscript 8 in g#(X).

Let f be a function defined on the set of finite subsets of Z*. Such
functions form a Banach space ¥,:

%= {111 = supE U] < 00, 0) )

We propose to derive an equation of the form

ga=1+K,gx

44
g="1+Kg 4
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where 1(¢) = 1 and 1(X) = 0, with ||K,|| < | uniformly in A and
IKy—=K||>0 as A—>Z"
Then it follows that
ga=(—-k)™ "
ga—>g as A->Z”

For details we refer the reader to Refs. 13 and 14,
We now apply the cluster expansion to derive (4.4). We fix a point
xy € X. Then, since

Zﬁ({l}@(mx—xo))= I (3" +¢€") ZB({I}‘.’P(A\XA,VU))
Y CANX ~ x4
xXg€Y
= Zﬁ({l}@(z\\x )) +fA({]}@<A\x )) (4.5)
where
fA({l}9P(A\X)) = (v Z v,y III(SYi ZB({I}@(A\X—XO)) (4'6)
19 - v nj- =

o= Y+ Y (i7))
xp € Y; CANX — xg
it follows that

Zﬁ({ 1 }{'?(A\X )) = ZB({ 1 }f.’P(A\X— xo)) — fa({1 }{’P(A\X )) (4.7)
We apply the cluster expansion to f. The role of A is now played by A\X;

n
fA({l}oy(A\X))= > HBY' I1 (8W+€W)ZB({1}‘SP(A\XAXO))
(Yl oooa Vb i=1 WCA\X
o Yi# Y, (i))
X € ¥, CMX ~xp
Following the process used to prove Corollary 2.3 and Theorem 2.4 we
arrive at the following identity:

D)= B K({x) S Z0)Z(Ngnus)) (49)
¢#= S CA\X — xg
xXpES
where Kf({x,),S; Z*) has been defined in (2.8). For any complex A and
f € 9, we define an operator K on %, by

(Kf)(¢) =0

(Kf)(X) = f(X = xo) ~ > KP({x0},$;Z°)f(X U S)
¢S CZN\X—x
xX0E S

(49)
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for X # ¢. We introduce the operator x, on ¥; defined by

XA fS)X) = xA(X)f(X) forall fe9, (4.10)

where x,(X)=11if X C A and x,(X) = 0 otherwise. Let 1 be the element
in ¥, defined by 1(¢) = | and I(X) = O otherwise. Then, from the definition
of K in (4.9) and the fact that g,(¢) = 1 we obtain the following lemma.

Lemma 4.3.
ga=T+x,Kx,8a (4.11)

The above relation is the integral equation of the Kirkwood-Salsburg type
we want 1o derive. Beside (4.11) let us consider also the equation

g=1+Kg (4.12)

In both (4.11) and (4.12) we will allow 8 to be complex, using the following
proposition.

Proposition 4.4. For sufficiently small complex 8 and for ¢ = ¢*/%,
IxaKxall <1 uniformly in A

and
K| <1

Proof. From the definition in (4.9) and (4.10) we get

etx]S}/S

IxaKxall < e+ sup ZS]KB({xO},S;Z'B)

X0 EZ xgE

<e B4 sup D) eCAIT/BISIER((x03,8;®) (4.13)

x0E L xg€S”

where the quantity F#({x,},S; ®) has been defined in (3.6). Here we have
used Lemma 3.1(b) to get the second inequality. Using the notations in
(3.8)-(3.10) we obtain

[ee]
IxaKxall < e~ 2/% 4+ [ B]|[@(xp) [ B /D + 3] ellBle /B (1, n)  (4.14)
n=1

We apply Proposition 3.2 to conclude that
IxaKxal| <1

for small complex 3. To prove | K[| < | we only note that || K|| is bounded
by the right-hand side of (4.13). This completes the proof of the proposi-
tion. M

We finally prove Proposition 4.2.
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Proof of Proposition 4.2. (a) Since g, satisfy (4.11) for real 3,
ga=(1—xaKkx )™ (4.15)

for small real 8. Furthermore, since x,Kx, is analytic in 3, one may extend
(4.15) to complex B, for small | 8. Notice that
Il gall = SI;pe“"WSlgAi

and
Il gall <”(1 - XAKXA)_l“”
< const
for small | 8|. This proves part (a) of the proposition.
(b) Using an argument in Ruelle,'* part (b) of the proposition will be
proved if we can show that for A C A" CA”
HXAKXA" - XAKXA'H < (%)

where § is the minimal distance from A to the boundary of A’ and 7(8)
satisfies limg_, n(8) = 0. This inequality follows from

|XA(X)(KxA S)X) = Xa(X ) (Kxa S)X)
<2 K} S 2R )| (XU S)]

SCZ\X—xy
XoeSZA'
XCA

From this and Lemma 3.1(b) we get
[XaKxa- — XaKxn| < n(d)

)< sup S FP({x,),8;®)ellBIt /DS
XEA xoES TN’

(4.16)

If ® has finite range, i.e., ®(X) =0 if dia(X) > §, for fixed §,, then the
number of ®’s in FA({x,},S; ®) is greater than 8/§, [see the definition of
F* in (3.6)]. Thus it follows that [S| > 8/8, and

[e.o]
n(8)< 2 e[t]B|+a/3]ll(1’l)
1>8/8
by the argument used in (4.14). From Proposition 3.2 we conclude that
1(8)—>0 as 6§ > oo for small B.
On the other hand if ® is translation invariant,

20 S I (), 550)
XQESZBE(JCO)
xq fixed

where Bj(x,) is the ball of radius § centered at x;.
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Since

>

Xo & A
xq fixed

is summable, see (4.13)—(4.14), we conclude that 7(6)—>0 as §—> co. This
completes the proof. W

5. UNIQUENESS OF KMS STATES

Our next task is to show that the state defined by the limit
8 =1 B
P (F)= Athle (F)Y{(Vew)

is the unique KMS state for a given interaction ®. In order to show the
uniqueness we must show that any KMS state corresponding to @ coincides
with p#(F) for small 8. Let p#(F) be a KMS state for given ® and «, the
time translation automorphism corresponding to ®.(%'® Let QF be the
cyclic vector corresponding to pP(F) and h the generator of the modular
automorphism group corresponding to (57, a,).!*'® We define

Hy(®) = X%A(D(X)

WA,A‘= 2 (D(X)
X:

XNA#¢

XNASH#¢
k(Ay=Hy+ Wy (5.1
B(A) = h — k(A)
Upa)8) = e Bk g sBA(A) 0<s<l

We denote for finite A, X C Z*
PAX)={Y:YNA#6Y NX=¢)

T (52)
P(A) = P(A, )
Let p#(F)({0}54,) be the state on @y, defined by
BF)({0)5) = N ™' (Unay( )28 FU4)($)2) (3:3)

where N is the normalization factor. We now recall Araki’s Gibbs condition

[1]:
PACI{0)ma) = tra(-) @ @uc(*) (54)
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where ¢, is a KMS state on @.. We now consiruct 3°(F)=p"(F)
({1}3(s) from pA(F Y{O0}z(4y) by means of the cluster expansion. We
denote the cyclic vector corresponding to 5/3(-)({0}@( A by QB({O}@( A)
and QF = Q°({1}5,,). We define

k({s}za) = > Sx®(X)
X XNA#¢ (5.5)
h({s}3(n) = R(A) + k({s}5))

We set
ZP({s}y3(n) = (QF({0}3(s)) e~ T 008((0)54))) (5.6)
F({(syaem) = (€7 CPO 0 ((0)5),
X Fe™ (150208 (0) 5, )
Clearly we have that for Fe @y, X, C A,
pP(F)= M for any A (5.7)
ZP({N)aca)
We want to show that for small 8
pP(F)=p(F) (5-8)

where p#(F) is the state given by the limit
B = | B
pP(F) = A#rlep (F)((Mowy)

in the previous section. That is, p?(F) is unique and is independent of
boundary conditions.

To prove (5.8) we apply the cluster expansion to A(F Y{1}54y) for
Fe@y, X CA:

1
f({l}@(m): @ > &) { Hlaqz"f({o}@(l\))}zﬁ({1}@(A,x(x0,{%,})))
bees 1% i=
@, connected, B; C F(A)

B, NB; = ¢(i# )

B; U {X,) connected
Here we use the factorization property of Z# in (5.3) and the method used
in the derivation of Corollary 2.3. Dividing by Z B({l}@( ) and applying
(2.7) again we have the expansion

pP(FY({(Daw) = ¢2XA KB(Xo, X; f)gA(X U Xo) (5.9)

XNA#d
XN Xo#¢
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where
Zﬁ({ 1 }WA,X ))
Z—B({ 1 }@(A))

We state the main result of this section.

Ba(X) = (5.10)

Theorem 5.1. Let ® be translational invariant or of finite range.
Then for small complex 8

pP(F)=p"(F)
where the state p” is obtained by the limit
B(F) = hm pB(F)( 1}(f(A))
as in Theorem 4.1(b).

We devote the rest of this section to the proof of the theorem.

Proof of Theorem 5.1. Because of Theorem 4.1(b), it suffices to
show the theorem for real 8. The basic strategy is to compare the expansion
of pﬁ(F)({l}@(A)) in Theorem 2.4 to that of ﬁB(F)({l}@(A)) in (5.9). We
show that the difference between the two expansions tends to zero as
A=>2Z".

We break up the sum 3,y in (5.9) into two terms:

> = 2t X

eCX: eCX: $CTX:
XNA=e XCA XZA XNA+d
XNXg#p X NXged (X4 X N X7
=S WO (5.11)
X X

Let us denote for j = 1,2
pO(F){Naw) = % DF(Xo, X5 f)Z(X U Xo) (5.12)
We will show that
p(z)(F)({l}@(A))_)O asA—>Z" (5.13)
Assume that we can prove (5.13). Then
pA(F)=p"(F)({1}an)
= lim p{,(F)({1)a() (5.14)
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as a consequence of (5.9) and (5.11)-(5.12). We then show that the
right-hand side of (5.14) converges to p?(F) for small 8.

We first prove (5.13). Following the method used in the proof of
Lemma 3.1, we obtain the bounds

ga(X) < el
.fl,a)‘f(w}m) < nFn(ljlwl|;c1>(x,.>],)ecmuux,. 5.15)

Using (5.15) and following the arguments used in the proof of Theorem 3.3
step by step, one may easily check that the right-hand side of (5.9)
converges absolutely and uniformly in A. From this it follows that b(ﬁz)(F )
({1}3(ay) tends to zero as A—> Z” for small real 8. This completes the proof
of (5.13).

We now prove that

PP(FY((Dsw) = Jim BE) ()50 (5.16)

By the Araki’s Gibbs condition in (5.4) we have the identity

n n
11077 ((0an) = IL8%((0)sn)  for XA X=UX, (517)
where f({0}4,,) is given by (2.3). We use (5.17) and (5.12) to get

pO(FY({ gy = > KP(Xo, X5 [)ZA(X U Xy)
sCX:
XCA
XN Xog#=P (X+9)

The above expression converges absolutely and uniformly in A by (5.15)
and Proposition 3.2 for small 8. Thus by comparing (5.17) to the expansion
of pP(F)({1 }o(ay) in Theorem 2.4 term by term, (5.16) will be proved if we
can show that
li X)=lim g,(X 5.18
Am, ga(X) = fim, Za(X) (5-18)
for small 8.
To prove (5.18) we again apply the method of integral equations for
Z4(X). Using the method used in (4.5)-(4.8) one may get the following
equation: For a fixed x, € X

Ea(X) = Za(X — x0) — > KP({x0}, S ZP )gA(X U S)
=S EP(A, X — xp)
xgE S

(5.19)



The Cluster Expansion for Classical and Quantum Lattice Systems 575

Again we break up 3 ¢ into two terms:

S = 3 o+ 3 (520)

6=SEPN, X —xg) SEF(ANX~x) s:
XES XES SZANX — xg
xpES
We define
aX)= X K({x},S:Z%)g(X US) (5.21)
§:
SZANX —xp
xgES

Since the right-hand side of (5.19) converges absolutely and uniformly in A
by (5.15) and the argument used in the proof of Proposition 4.2(a), we
conclude from (5.19)-(5.21) that

e(X)>0 as A—>Z’ (5.22)

for small 8. We also note that
_Hlasfzﬁ({t)}m)) = _Hlasfzﬁ({O}@(S)) for ScA, S=uUs§,

by (5.4) and (5.6). By the argument used in Corollary 4.3 we obtain the
equation

Ea=T14 X Kxs8a+ €, (5.23)

where K is defined by (4.9). Since €,(X)—0 as A— Z” by (5.22) and since
the limit

£~ AthZl 8a
satisfies the equation

g=1+Kg (5.24)
by the result in Section 4, the limit

7= Jm

exists and satisfies the equation
g=1+Kg (5.25)

As a consequence of (5.24) and (5.25) we have proved (5.18). This com-
pletes the proof of Theorem 5.1. M
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